Including translation matrices in covariant non-unitary Poincaré representations alters the construction of massive particle fields from canonical unitary fields. The conventional procedure without spacetime translation matrices determines covariant fields that transform by matrix representations of the homogeneous Lorentz group combined with a differential operator representation of the Poincaré group that acts on spacetime coordinates. The differential operator part generates translations nontrivially with the momentum operator proportional to the gradient, but the finite dimensional matrix part represents translations trivially, i.e. the momentum matrices vanish. This paper generalizes the construction of a massive particle field to produce a field that also transforms according to a finite dimensional non-unitary representation of translations generated by nonzero momentum matrices. The more general field evaluated at spacetime coordinates x results when the translation matrix for a displacement x is applied to the conventional field evaluated at x. * affiliation and mailing address:
Introduction
Successive infinitesimal rotations, boosts, and translations transform spacetime yet preserve the spacetime metric. The inhomogeneous Lorentz group, or Poincaré group, has canonical unitary and covariant non-unitary representations with canonical vectors and covariant vectors. By definition, a 'vector' transforms in a prescribed way. Thus the canonical and covariant vectors are two distinct sets of vectors with distinct prescribed transformation characters.
More generally, for some transformation characters, a vector of one kind, say ψ, can be formed as a linear combination of vectors of a second kind, denote them as 'a'. This can be written schematically as ψ = ua ,
where the coefficients u are called intertwiners. Such relationships may force significant constraints, e.g. Schur's lemmas. [1] Suppose covariant vectors are transformed with a prescribed matrix D, ψ ′ = Dψ, and canonical vectors transform with a matrix A, a ′ = Aa. Then the linear construction (1) is invariant, i.e. u ′ = u, when Du = uA .
Clearly, determining whether or not invariant intertwiners u exist tests a kind of compatibility of the two transformation characters. For canonical vectors, the matrices A are the discrete part of the representation which also includes the momentum as the continuous part. The canonical unitary representations of the Poincaré group were worked out long ago by Wigner. [2] − [5] Wigner's 'little group' method separates the representations into momentum classes. The class considered in this paper has timelike momentum with positive energy.
For covariant vectors the matrix representation, i.e. 'D' above, is accompanied by a transformation of coordinates, usually with the gradient as the momentum operator,P µ = −i∂ µ , where µ ∈ {1, 2, 3, 4} = {x, y, z, t}. Conventionally, the discrete part, i.e. 'D' above, incorporates trivial translation matrices obtained by setting the momentum matrices to zero. Zero is allowed for momentum matrix components because the Poincaré algebra determines momentum matrices up to a scale factor. Thus if P µ are a set of momentum matrices, then so are αP µ , where α is a constant, possibly zero. Setting α to zero effectively reduces the discrete part to a representation of the homogeneous Lorentz group of rotations and boosts and their combinations.
When momentum matrices vanish and translation matrices are trivial, covariant vectors ψ (0) (x) called 'fields' can be constructed as linear combinations of canonical vectors a, called 'creation and annihilation operators.' For momenta in the massive class, invariant intertwiners exist and the procedure of calculating the intertwiners is well known. [6] , [7] In this paper the fields for massive particles obtained by calculating the intertwiners is generalized to covariant non-unitary representations with nontrivial translation matrices. These are obtained by allowing nonvanishing momentum matrices, i.e. α = 0. The fields obtained, ψ(x), have a simple relation to the fields, ψ (0) (x), found for trivial translation matrices. The more general fields are found to be the fields ψ (0) (x) acted on by a translation matrix through the displacement x. Let D(1, x) indicate a translation by x µ , then the result can be written as
The massless class has been shown in an earlier paper [8] to have the same translation matrix dependence. Thus, for both the massive class and the massless class, the effect of having matrix translations is to replace conventional plane waves, exp (±ip · x)φ n , whose spin components φ n are independent of location, with plane waves that have position dependent spin
For small displacements, xK 12 ≪ 1, where K 12 scales the momentum matrices, the field is not changed much, while for large displacements, the general field with nontrivial translations may differ significantly from the fields ψ (0) (x) obtained with zero momentum matrices. Unconventional spin effects that might be explained with the more general fields would occur at coordinates x with components x µ K 12 ≈ 1 or larger and with K 12 a universal constant. More precise predictions require an investigation of the quantum mechanics of the generalized fields. Section 2 and Appendix A describe the discrete representation of the Poincaré group used in this paper. The representation is convenient because angular momenta and boost matrices occur in diagonal blocks and momentum matrices have nonzero components in off-diagonal blocks, forming triangular matrices. Section 3 follows, almost symbol-by-symbol, the procedure from Weinberg, Ref. [6] , except that nontrivial translation matrices are included. The revised procedure reduces to a problem that is solved in Ref. [6] and the solution leads quickly to equation (3), which is the main result of this paper. A brief discussion is presented in Section 4. Appendix B has a problem set.
Poincaré Matrix Generators
Nonzero momentum matrices [9] occur for reducible angular momentum representations. General results can be inferred from the spin (A, B) ⊕ (C, D) representation. By a suitable similarity transformation, if needed, the angular momentum and boost matrices of spin (A, B) ⊕ (C, D) can be put in block matrix form with the AB block components given by the expressions in Appendix and the CD block components given by the same expressions with AB → CD,
where i ∈ {1, 2, 3} = {x, y, z} and D indicates a matrix representation. The notation for the matrix representing a generator, for example D(J), is similar to the notation for the matrix representing a Poincaré transformation. For a Poincaré transformation that combines a homogeneous Lorentz transformation Λ with a translation through displacement b, the matrix representing the transformation is written
In particular,
There are two sets of momentum matrices D(P ) that satisfy the commutation rules of the Poincaré algebra. Both sets of momentum matrices P µ are triangular in this representation,
where P µ12 and P µ21 are off-diagonal blocks whose components are given in the Appendix. In this paper the 12 representation is discussed. The 21 representation gives similar results. The double index ab indicates the z-components of angular momentum, see (36) and (37); index a can take 2A + 1 values {−A, −A + 1, . . . , A − 1, A} and b can have any of the 2B + 1 values from −B to B. Then the double index ab can be replaced by a single index i,
The cd indices begin where the ab indices stop, so the single index i for the double index cd is given by
The single index i runs from 1 to d, the dimension of the representation,
and is naturally split into the AB block consisting of 1 through (2A + 1)(2B + 1) and the CD block of (2A + 1)(2B + 1) + 1 through d.
Massive Fields
The construction of covariant fields ψ in terms of particles states a is a well known procedure. For setting the notation and for convenience the derivation begins with a short reminder of the formalism appropriately generalized to spin (A, B) ⊕ (C, D). Many missing details can be found in Ref. [6] and [7] . The covariant vector field ψ has both a continuous and a discrete dependence, the coordinate x µ and spin index l, {x µ , l} whereas the canonical vector field a has momentum p and a discrete label σ, {p µ , σ}. The field ψ may be broken up into positive and negative energy portions,
Constructing a positive energy field ψ + and a negative energy field ψ − as linear combinations of fields a and a † takes the form
where the single index l could be either ab for the AB block or cd for the CD block, the coefficients u and v are called intertwiners and p indicates the space components of the momentum, {p x ,p y ,p z }. The canonical vectors a are also known as annihilation operators and the a † are the creation operators. Assuming invariant intertwiners, the construction transforms with a Poincaré transformation {Λ, b} according to
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The covariant fields transform as
where D(Λ, b) is the covariant nonunitary matrix representing the spacetime transformation {Λ, b}, see (5) above. The canonical vector field transforms as a single particle state,
where j is the spin of the particle and where
with L(p) a standard transformation taking the standard 4-vector k µ = {0, 0, 0, M} to p, with momenta restricted by
The space components of the transformed momentum Λp are denoted p Λ . Since W (Λ, p)k = k, W is a rotation. The matrix D 
The coordinate x and translation b can be taken care of by defining ul(p, σ) in
implying that
It is important to note that the displacement occurs as a plane wave in coordinates and as a matrix translation, i.e. e iΛp·b and D(1, b) , respectively. The plane wave e iΛp·b depends on momentum p, while the matrix D(1, x) works for any momentum p. By A, B) block, see Ref. [6] , is displayed here for convenience,
where C AB (jσ;āb) is a Clebsch-Gordon coefficient and the parameter θ is determined by sinh θ = | p | /M and cosh θ = √ p 2 + M 2 /M. For the (C, D) block the result is
And the negative energy intertwiners are v ab (p, σ) = (−1) j+σ u ab (p, −σ) and v cd (p, σ) = (−1) j+σ u cd (p, −σ) .
Note carefully that the particle spin j is the same for both the AB block u ab (p, σ) and the CD block u cd (p, σ) of u l (p, σ). The particle spins j available for spin (A, B) may not be the same as the the spins allowed for (C, D). If j is not allowed for the CD block, for example, then u cd (p, σ) and v cd (p, σ) vanish. At this point it is useful to define intermediate quantities
and
By (21), and since the translation matrix D(1, x) is independent of momentum p, the field ψ (0) l (x) differs from the field ψ l (x) by just this translation matrix 
Discussion
Translations are generated by momentum matrices in one of the two forms in (7), whose components are given in the Appendix, (39) -(54). Thus there are two different representations, one with the 12 block of the P µ nonzero and one with the 21 block nonzero. As mentioned previously, only the 12-representation is discussed in this paper. The treatment of the 21 representation is similar. Translation through a spacetime displacement of x µ is represented by the matrix
where x µ = η µν x ν , and the metric η is diagonal, η = diag{1, 1, 1, −1}. The matrix exponential is the infinite series n (−ix µ P µ ) n /n! and the higher powers, n ≥ 2, of the matrices P µ vanish since
By (30), applying the translation D(1, x) to field ψ (0) (x) yields the field ψ(x),
.
(33)
The CD block of ψ(x) is unchanged from the CD block of ψ (0) (x). The translation D(1, x) adds an inhomogeneous term to the AB block ψ ab (x) + λ ab . This is a connection-like transformation typical of translations [10] and unlike boosts and rotations which are homogeneous transformations. The distinction is clear in the representation used in this paper, see Sec. 2 and Appendix A. The nonzero components of the rotation and boost generators, J i and K i , are in diagonal blocks and the nonzero components of the momentum P 12 are in off-diagonal blocks. The scale of the inhomogeneous term, λ = −ix µ P µ 12 ψ (0) , in (33) is not determined since the scale of the momentum matrices, K 12 , is a free parameter, see Appendix A. Thus the distance or time scale, x µ ≈ 1/K 12 , at which, in general, λ becomes comparable to ψ (0) cd , remains undetermined.
A Spin and Momentum Matrices
The angular momentum and boost matrices of spin (A, B) in a standard representation [11] are (J ± (A,B) ) ab,
where r (A) a 1 = (A − a 1 )(A + a 1 + 1) .
Four types of spin (A, B) ⊕ (C, D) give nonzero momentum matrices: [9] Type 1:
Type 2:
Type 4:
The angular momentum and boost matrices for spin (A, B) ⊕ (C, D) are given in the text, (4) . Combining these angular momentum and boost matrices with the P 12 momentum matrices provides the 10 generators of a finite dimensional nonunitary matrix repesentation of the Poincaré algebra. Combining the angular momentum and boost matrices with the P 21 momentum matrices gives a second such representation of the Poincaré algebra.
A quick glance at these expressions reveals that there is a free parameter, K 12 , that scales the matrices P µ 12 . This arises because the Poincaré algebra determines momentum matrices only up to a scale factor. The commutation rules are
and [P µ , P ν ] = 0, and permutations thereof. Clearly, if P µ satisfy the commutation rules, then so does αP µ . Thus there is a free parameter, here K 12 for P µ 12 and K 21 for P µ 21 . (a) Show that the vector matrix γ µ = P µ 12 + P µ 21 with K 12 = K 21 = 1 satisfies the requirements for a set of Dirac γ-matrices, i.e. where J µν are angular momentum matrices, i.e. J 12 = J z and J 14 = K x , etc., and the J i and K i matrices are from Sec. 2 and Appendix A.
(c) Let φ (0) (t) be a plane wave, φ (0) (t) = e −imt φ, where φ is an eigenvector of γ t , with v (0)µ =φ (0) (t) · γ µ · φ (0) (t) = {0, 0, 0, −1}, whereφ (0) (t) = φ (0) † (t) · γ t . Conventionally, φ (0) (t) describes a stationary particle. Let φ(t) be the generalized wave φ(t) = D(1, t)φ (0) (t), where D(1, t) is the translation matrix for duration t with no spatial displacements, x x = x y = x z = 0. Define v µ (t) =φ(t).γ µ .φ(t). Find an eigenvector φ such that v µ (t) − v (0)µ is light-like and (i) in the xt-plane and (ii) in the zt-plane.
